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NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

MEMORANDUM 12-27-58E

A STUDY OF THE POSSIBLE USE OF THRUST VECTOR ROTATION FOR

"CUTOFF" FOR BALLISTIC MISSILES*

By Aaron S. Boksenbom and Betty Jo Moore

SUMMARY

An alternate method to thrust termination for ballistic missiles is
presented whereby the thrust vector is rotated to the insensitive direc-
tion. The miss distance is then fixed, independent of the magnitude of
thrust. The chief advantages of this method, in addition to alleviating
the requirement on elaborate thrust cutoff devices required for some
propulsion systems, are that "cutoff" is reversible and that thrust
vector rotation near the insensitive direction would give fine vernier
control. For moderate missile rotational speeds, anticipation would be
required resulting in some loss in meximum range. The effects of thrust
vector rotation on the miss distances are expressed by relatively simple
equations in vector form. The requirements on missile rotational speeds
and the maximum loss in maximum range for various attainable rotational
speeds are presented.

INTRODUCTION

In the launch phase of ballistic missiles fine trajectory control
is achieved by appropriate termination of powered flight. In current
practice the thrust is cut off when conditions are such that the subse-
gquent unpowered trajectory intersects the target. An alternate method
is presented in this report whereby the thrust vector is rotated to the
insensitive direction. The miss distance would then be fixed, inde-
pendent of the magnitude of thrust and of when or how burnout occurs.

In addition to alleviating the requirement for elaborate thrust-
termination devices required of some propulsion systems, the chief ad-
vantages of this method are that "cutoff" is reversible and that thrust
vector rotation around the insensitive direction can be used for vernier
control. The chief problem in the use of this method is that either
very high rotational speeds of the thrust vector are required or more
anticipatory action must be used. There would then be some loss in the
maximum range of the missile.
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To fix the miss distance along some line at the target, the insensi-
tive direction of thrust is shown to be normal to a certain defined
vector, which is in the direction of maximum sensitivity. To fix the
miss distance on the two-dimensional surface of the earth, the thrust
vector must be normal to a pair of vectors. These vectors are charac-
teristics of the unpowered flight trajectory and can be calculated if
the acceleration along the unpowered flight trajectory is a known func-
tion of the vector velocity, vector position, and time. The general
equations derived in this report are thus valid unless unpredictable
forces, such as those induced by random winds or by the missile attitude,
are large.

SYMBOLS
a acceleration
b slope of straight line in Ej,E2 plane
E miss distance
V,/E gradient of E 1in velocity space, at fixed position and time
VrE gradient of E 1in position space, at fixed velocity and time

BE/at derivative of E with respect to time, at fixed velocity and

position
F thrust
m mass
ﬁl normal to 3, in ?,G plane, in direction of increasing vy
ns completion of right-hand trial G,ﬁl,ﬁg
r position
t time
v velocity
® time derivative
o? azimuth direction measured counterclockwise from squth
8 angle between F and V;E, angle between F and e]
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Y angle between vV and horizontal plane
6 colatitude
T time constant for thrust cutoff exponential decay
¢ longitude
6 unit vector horizontal plane, in direction of increasing ¢
Subscripts:
min minimum
0 initial condition
Vector notations:
) vector
(") unit vector
(7) « () vector dot product
(") x (7) vector cross product
ANATYSIS

General Equation for Miss Distance

The general features of the trajectories are shown schematically
in figure 1. The wavy line is the powered flight trajectory. The solid
lines are unpowered flight trajectories for burnout at various points
along the powered flight trajectory. If, for example, burnout occurs
at point A, the trajectory proceeds from A to impact at point B. There
are several parameters at impact that might be of interest, such as miss
distance, impact velocity, and so on. Figure 1 schematically shows the
miss distance Eg. If the acceleration at any point along the unpowered

trajectory is a known function of the vector velocity, vector position,
and time at that point, then the impact parameters, such as EB, can be

considered as functions of the vector velocity, vector position, and
time at point A, and Ep can be written as

Ep = B(v),T),t,)
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If burnout occurs a short time later at point C, the trajectory
proceeds from C to impact at point D; the miss distance is Ep and is
given by

Ep = E(ve,To,te)
Then,
Ep - Bp = E(Vg,Te,te) - E(vp,Tp,ta)

As conditions at point C are close to those at Boinp;A, the preceeding
equation can be expanded in terms of Vg - Vp, Yo - Trp, and tp - .

In a compact vector notation, the first-order terms are

B B TES) - (- Ta) + TE(b) « (B - ) + o))
D B v A C A b A C A '“?;;" - C A

The argument +t, 1is used to indicate that the derivatives are evaluated
at ;A)‘;A) and tp. The V. E and V,.E vectors are such that the pre-

ceeding expansion would agree with the seven terms obtained in the usual
expansion of E in terms of the three velocity coordinates, three posi-
tion coordinates, and time. The effects of a velocity change and the
effects of a position change are separated by the use of VyE and

V.E, respectively.

Several special cases can be derived from the previous equation.
In figure 1, point C could be any arbitrary condition near point A.
Then the preceeding equation can be written as

—_ - - _— - _ OE(t,)
E - BEg = VyE(ta) ¢ (v - va) + ViE(tp) + (x - 1p) + —57— (v - tp)

This equation is the general linearized guidance equation expanded
around some expected burnout point wvp, rp, ty where Epg = O. Burnout

should then occur when E = Eg = O in the preceeding equation.

If points A and C are along an actual flight trajectory, then in
the limit as C =+ A,

;b B ;A -
_.._____-_-_aA
tC"'tA
To-T, _
e A
C~™ ™A

90T -"
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and

Ep - Bp _ [dE(tA)]
tc - ta dt along trajectory at tp

Then, the previous equations give

a - == - o)

— E(t = V. E(t,) * V.E(ty) °* B(t

[dt ( Ai]along trajectory vE(ta) + ey + VE(ta) * vp T3t (ta)
at tA

(1)

If the trajectory is that of unpowered flight,

d — p— ———— -
[EE E(tAi]along unpowered V() &7, unpowered * VrE(ty) - vp ¥
trajectory at tp
OE
— (t
= (ty)
=0 (2)

Along the unpowered flight trajectory dE(tA)/dt = 0; that is, the path
is along A to B in figure 1, which has a unique miss distance EB. Sub-
tracting equation (2) from equation (1) gives

dE(ty) VE ay - a
[ th.] = VVE(tA) . (QA - a'A,u.npowered.)
along trajectory

at tA

(3)

It

<
T
P
Z
=) |
ct|,
=4

where F is thrust and m is mass.

Changing the variables pA’ VA, and ;A to the general variables
t, v(t), and T(t) yields the final equation

[azte)] = TE(t) - Kt (4)

dt along trajectory o



The miss distance E(t) = E[v(t),r(t),t] and is defined for all times
along the powered and unpowered flight trajectories. It is the miss
distance that would be cobtained if there were no thrust for all times
greater than t.

Equation (4) is the basis for this report. It is evident_that if
the direction of the thrust vector were normal to the vector VyE, then
dE/dt = O, That is, the miss distance would be fixed, independent of
the magnitude of the thrust and of when or how burnout occurs.

It was shown that equation (4) can be written if the acceleration
during unpowered flight is a known function of v, r, and t. For cer-
tain guidance functions and to obtain the general requirements on thrust
cutoff or thrust vector rotation, only approximate values of dE/at, and
thus VyE, are required. If the trajectory analysis omitted small forces,
the effect on the unpowered flight trajectory would be small and the
effect on the calculation of VyE would be small. The general form of
equation (4) would not hold if unpredictable forces, such as those in-
duced by random winds or by the missile attitude, were large.

Two-Dimensional and Radial Miss Distances

For the actual two-dimensional miss distances on the rotating earth,
the errors in a coordinate system relative to the target fixed on the
earth are considered (fig. 2(a)). The two errors, E;] and Ez, could

be those in latitude and longitude or those down-range and cross-range.
For each direction there is an equation similar to equation (4). Thus,

dEl(t)

-,
— | Fe
—a = Rt |

[T /]

dEx(t) o . [F)]
— vV Ex(t) Tn{'ﬂ'

’ (5)

]

To fix the impact point on the rotating earth requires a unique thrust
direction normal to the plane of VVEl and VVEZ'

If two unit orthogonal vectors 31 and gz are placed in the
plane of V. E; and V,E; shown in figure 2(b),

VEL = (LEL - 88 + (VEL - &)e;

()

~

(VEz + 61)é1 + (LE - &z)ep

VB2

QaT-o
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Equations (5) then become

2o Deom kD)
(7)
= (T - R o)+ % - 2 (2 - E)

If the thrust 'f(t) lies in a plane normal to 32, then
32 * F(t) = 0 and equations (7) become

5ol B
i (6)
R R ST

The ratio of dE, to dEl is then

Bz Vi © € (9)
ﬂ - v . . ~
I WE e

During the small time interval of "cutoff", for which V. E, and V_E,

are relatively constant, the path in the Ej,Ez plane is a straight
line whose slope b 1is given by

v . e
VoL - e
Thus, if during thrust vector rotation the thrust vector is confined to

a plane that is normal to the plane of VvEl and Vsz, the possible
impact points trace a straight-line path in the E;,E, plane. For

small errors this would be approximately a straight-line path on thc
earth. The slope of this path depends on the orientation of the plane

of the thrust vector.

For the radial miss distance, reference is made to figure 2(&) in
which EZ = E% + E%, by definition. For small errors E 1is close to

e
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the radial miss distance. The general equation of a straight line in

the E;,Es; plane in terms of the slope b and the closest approach to

the origin Ep;, (fig. 2(c)) is
Ey(t) = bE, () £V1 + b°

The general equation for dE/dt may be written as

E .
min

\
E —
dE 1 -~ 2 PN -~ F
d_t=[%(;vEl'el)+'f(ivE2'el)]<el'ﬁ)
where
2 _ o2 2 )2
E _El+(bEl_-t\/1+b Eip \
or
2
E. ¥V1 + b2 E .
2 2 2 min
b J

For the case where Ej;, =0, Ex = bE; and

. e a2 (F .
'g_% = % [(V::E.]-: . el)z + (vaz . el)z] (% . ej)
where 4+ 1is
(sign Eq)(sign V. E; - gl) = (sign E)(sign V. E; - 51)

Since VyE1, WE2, and El are in the same plane,

| VB x Bz | = [(WEz « &)VE] - (VEL - &)V, |

and

‘(bVVEl) x (VVEz)'
JoVEy - ViEp]

IVEz - &1 = oV B - &)=

# u -

(11)

(12)

> (13)

»

90T-H
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The equation for dE/dt with b as an independent parameter is then
given by

1/2 |VyE1 x WEz| [F(E) - &1]

dE _ 2
5=+ (1 +719) A ) (14)

For this case 1n which the thrust vector is confined to a plane normal
to the plane of V E; and VVEZ and E ;, = 0, equation (13) or (14)

gives dE/dt with either 31 or b considered as the independent

parameter. The relation is

VyEp » & Ep(t)
VE e - E(t)

D =

In equations (13) and (14) only the quantity i :) . ’él varies with

time. The similarity of these equations to that for the one-dimensional
error (eq. (4)) is apparent.

Expansion of V,E in Various Coordinate Systems

The vector VVE is the gradient of the scalar function E and as

such is independent of the coordinate system chosen. For the examples
in this repor} the coordinate system shown in figure 3 was used. The
unit vector ® is normal to r in the direction of increasing 9.

The velocity makes an angle y with the direction 6. The unit vector
ny; is normal to v in the direction of increasing y. If

E = E(r,%,v,r), then
dE = E. dr + Ew de + E, av + ET dy

—— —

VE-dr+va-d7

r
Since dr =dr T +r A9 & and d&v =dv v + v(dr - a®) ny,

E.dr + By d9 + B, dv +E. &r =VE - (&r T +r a0 §) +

WE_ * [av v + v(dr - do) ?11]

.
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Equating coefficients of the independent differentials dr, 4%, dv, and
dy yields

~
r

e
il
| 4
=
s

r&—VvE.Vﬁl

&
i
<]

a1
=
.

E, = V;E - v
E, = WE -+ vo;
Thus,
VE = Ey v + (1/v) B 0y (s)
15
VE=E T+ (1/r)(E, +Ey) @

For the two-dimensional errors, the examples presented in this re-
port used the errors in latitude and longitude for E; and Ep. Each
error is expressed functionally as E = E(r,9,6,v,v,a), where ¢ and
© are the longitude and colatitude, respectively, v dis the angle be-
tween velocity and the horizontal plane, and o 1s the azimuthal direc-
tion measured counterclockwise from the south. By a method similar to
that used previously for motion in a plane,

VE = e R S n
VE = By v + T By n1 - 5ooo - Eg n2 (16)

The unit vector n] is normal to ¥ in the plane of (3,}) and in the

direction of increasing Y. The unit vector n2 completes the right-
~ A .3

hand orthogonal triad (v,nl,nz).

DISCUSSION
Comparison of Thrust Cutoff and Thrust Vector Rotation

The relative positions of the vectors v(t), F(t), and VyE(t) for

motion in a plane are shown in figure 4, near the burnout point for a
typical ICBM trajectory. The angle between v(t) and F(t) near burnout
is probably very small. If the angle between F(t) and V E(t) is B(t),
equation (4) can be written as

4 _ P(t)
[dt E(t)]along trajectory B IvVE(t)l E%ET cos B(t) (17)

R

90T-8
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In this form it is evident that reducing F(t) to zero and reducing
cos B(t) to zero (i.e., B(t) = 90°) have corresponding effects on the
miss distance.

There is thus a choice of two devices by which to fix the miss dis-
tance. The use of thrust vector rotation has certain possible advantages
and disadvantages. Among the possible advantages are:

(1) "Cutoff" is reversible.

(2) Thrust vector rotation to an angle near B = 90° can be used
for vernier control; that is, B < 90° will increase E, B > 90° will
decrease E.

(3) Excess thrust can be used, instead of wasted; for example, to
increase the loft angle of the trajectory without changing the miss dis-
tance. An equation exactly similar to that given for miss distance can
be written for any other impact parameter, such as reentry angle, in
order to calculate this effect.

(4) For certain propulsion systems, such as solid and nuclear
rockets, cutoff of thrust may be very difficult.

(5) The information required by the control system for proper thrust
vector rotation is the same as that required for thrust cutoff. The
components of the vector VyE occur in the general linearized expansion
for dE in terms of dav, d;, and dt. The missile attitude is not ab-
solutely required for thrust cutoff but is probably available for pur-
poses of approximate trajectory control.

A possible disadvantage in the use of thrust vector rotation, as
shown later, is that if it were to be used in the same way as thrust
cutoff is now used, the required missile rotational speed would have
to be of the same order as the reciprocal of the thrust cutoff time.
This would require very high rotational speeds. This suggests that
more anticipatory action would be required for thrust vector rotation.
There would then be some loss in the maximum range of the missile.

Equation (17) is useful to calculate the miss distance accrued dur-
ing the cutoff procedure because, as is shown later, the vector VVE(t)

is relatively constant around the expected burnout condition. Thus,
considering thrust cutoff, with an exponential thrust decay after time
to with time constant =T

p(t) = Flag)e PO/
\



and the integral of equation (17) gives

F(to)
E(impact) - E(tg) = |V E(tg)| cos B(tg) ETEST T (18)

Considering cutoff by thrust vector rotation, beginning at tO at con-
stant f to B = 90° s &lves

F(to)

E(impact) ~ E(tg) = [V E(tg) | {1 - sin B(tg)] E) (19)

gl ey

A comparison of equations (18) and (19) shows that the required
rotational speed B must be of the order of l/t if thrust vector ro-
tation is to be used in the same way as thrust cutoff is now used. This
would indicate extremely high rotational rates, which suggest that more
anticipatory action is required for thrust vector rotation. There would
then be some loss in maximum range due to this anticipatory action. If
B is much smaller than l/T rotation must start at a time approximately

n/2) -
equal to E—li——r——gg early, and the loss in maximum range is approximately

(tO) % (/2 cos By - 1 + sin Bg - Bp cos Bg) (20)

IVVE(tO)I

Some results of calculations from equations (18), (19), and (20),
using leEl values presented later for a range of 5400 nautical miles

and for B4 = 09, F 10g, are presented in table I. For thrust
0 » fo/mg =

cutoff with a change in miss distance during cutoff of 5 nautical miles,
cutoff time constants of from 15 to 19 milliseconds are required. For
thrust vector rotation to be used in the same manner as cutoff, extremely
high rotational rates of from 52.6 to 66.7 radians per second would be
required. For more moderate rotational rates, anticipation is required
and the corresponding maximum loss in maximum range is shown in table I,
It is believed that average rotational rates greater than 2 radians per
second are feasible, which would mean less than a 100-nautical-mile loss
in maximum range.

For the two-dimensional errors on the rotating earth the functions
E; and E, are considered to be the errors in latitude and longitude,

respectively. For the thrust vector confined to a plane normal to the
plane of VyE] and VvEz and orientated so that the possible impact

- .

ONT =nT
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points on the earth trace a straight line through the origin on the
El,Ez plane, equation (14) applies to the radial error E. If B 1is
the angle between F and e;,

1/2 |V x V.
% =+ (1 + b28) / l’ vEL X Yl | g&g cos B(t) (21)
DY B - Vi |

The parameter b represents the arbitrary initial condition

_ Ex(t) B E5(0)
T E (%) E(0)

For thrust vector rotation at constant B, the error accumulated during
rotation is

IVEL x VEz| Flt) ,
B(smpact) - Blto) = (21 + v2)H/? T—vEll - vvgzl g 3 (1 - sin Ro)

(22)
For moderate B, anticipation 17 required and rotation must start at a
(n/2) - B
time approximately equal to —————1———9 early, and the loss in maximum

range is approximately

1/2 [VEL x VEp| F(to) 1

Gt [oV,5; - VyBz | 2(%) 3

(— cos By - 1 + sin By - Bp cos Bg

(23)

Some results of calculations from equations (22) and (23) using
values of VvEl and vad for a range of 5150 nautical miles, By = 0°,

and FO/mO = 10g are presented in table II. If the initial conditions

are such that there is no cross-range error (b = w) the results are the
same as for motion in a plane (table I). If there is no initial down-

range error (b =~O), the requirements on rotational speeds are reduced

by a factor of 6.6.

Calculations of VVE

The components of the vector VyE were calculated for both planar
motion on a nonrotating earth and for the two-dimensional errors on the

«'f—- Nz ,‘I.,
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rotating earth. As the calculations were made merely to study the feasi-
bility of thrust vector rotation, idealized conditions were assumed where
the oblateness of the earth and reentry drag were igncred.

For planar motion the components of Vy E are formed from the

partial derivatives of the range equation with respect to burnout con-
ditions for various burnout conditions. For the two-dimensional errors
on the rotating earth, IBM 704 digital computer solutions were obtained
for the basic trajectory equations and the corresponding adjoint equa-
tions. The end conditions in the solution of the adjoint equations
directly give the partial derivatives that are used in forming the com-
ponents of V E{ and V E;. The conservation of energy, the conserva-

tion of angular momentum, and the first integral of the adjoint equations
were used as checks on the numerical solutions.

For planar motion, figures S5 and 6 give IVVEI and BE/@V plotted

against burnout velocity with lines of constant y and lines of constant
range. A burnout altitude of 110 nautical miles is used. The angle be-
tween the velocity vector and V E 1s

cos| TE, 7] = .5‘.—‘3%

If the thrust direction is known relative to the velocity, the angle B

between the thrust vector and VyE can then be found.

An inspection of figure 5 at a y of 30° and a range of 5400
nautical miles reveals that for a change in velocity at a constant v
of 300 feet per second, corresponding to an acceleration of 10g's for
about 1 second, there is a 3 percent change in IVVE]. From this it

appears that the assumption of a relatively constant ]VVE] during
"ecutoff" is valid.

It was seen that the required B or l/T is proportional to
]chI' Figure 5 reveals that although "cutoff'" must be faster for the

longer ranges there is only a factor of about 4 in comparing 5400- and
1800-nautical-mile ranges at points of minimum burnout velocity. For
the 5400-nautical-mile-range line, the lofted, higher velocity tra-
Jectory will help alleviate cutoff. For the 1800-nautical-mile range,
minimum |V E| and minimum burnout velocity almost coincide.

For the two-dimensional errors on the rotating earth, figures 7
and 8 give IVVEQI and [VVE¢I plotted against range for lines of constant

" N
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impact velocity (neglecting reentry effects). The case shown is for a
burnout altitude of 110 nautical miles and an impact velocity for the
basic trajectory due east (a = 90°). The solid lines indicate impact at
the equator, and the dashed lines indicate impact at a latitude of 45°.

For these cases, the angle between the two vectors VyEg and VVE¢ is
extremely close to 90°.

The cross-range sensitivity is not very dependent on range, giving
values of IVVEel from 750 to 1000 seconds for ranges from 1200 to 5000
nautical miles. The down-range sensitivity is similar to that for
planar motion. For low ranges (e.g., 1200 nautical miles) the two
sensitivities are about equal. For large ranges (e.g., 5000 nautical
miles) the down-range sensitivity is greater by a factor of about 6, as
previously noted.

SUMMARY OF RESULTS
In a study of an alternate method to thrust termination for ballistic
missiles whereby the thrust is rotated to the insensitive direction the

following results were obtained:

1. The feasibility of using thrust vector rotation to the insensi-
tive direction for cutoff of ballistic missiles is shown.

2. Among the chief advantages of this method are:
(a) Elaborate thrust termination devices are avoided.
(b) "Cutoff" is reversible.

(c) Thrust vector rotation near the insensitive direction can
be used for vernier control.

(d) Excess thrust might be used to improve some other impact
or trajectory parameter.

(e) The information required for proper thrust rotation is
the same as that required for thrust cutoff.

3. The chief problem of this method would be that for moderate
missile rotational speeds there would be some loss in maximum range.

4. A relatively simple equation is derived expressing the effect
of thrust vector rotation on the miss distances. For the two-dimensional
errors on the rotating earth there is a unique direction of thrust,
normal to two defined vectors, which fixes the impact point on the earth.

;"— -+
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If during thrust vector rotation the thrust vector is confined to a
plane that is normal to the plane of these two defined vectors, then the
possible impact points trace a straight-line path on the earth.

5. The requirements on thrust cutoff times and missile rotational
speeds were compared. The extremely high rotational speeds required in-
dicate that anticipatory action would be used. The resulting maximum
loss in maximum range, for a 5400-nautical-mile missile, would be less
than 100 nautical miles if missile rotational speeds greater than 2
radians per second were available.

Lewis Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, August 21, 1958
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TABLE I. - RESULTS OF CALCULATIONS FROM

EQUATIONS (18), (19), AND (20)

[Range, 5400 nautical miles; By = 0;
thrust-mass ratio, FO/mO = 10g.]

Thrust cutoff

Eimpact - Eo, | Path Required
nautical angle, time
mile deg constant,
T)
sec
5 22 0.015
5 30 .019

Thrust vector rotation

Eimpact - Eg, | Path Requi?ed
nautical angle, rotational
mile deg rateé
J
radian/sec
5 22 66,7
5 30 52,6
Maximum Path Required
loss in angle, rotational
maximum deg rate
range, é,
nautical radian/sec
mile
25 22 7.6
50 22 3.8
100 22 1.9

ocese

17
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TABLE II.

(XXX X J
.
L]

[ X X X

- RESULTS OF CALCULATIONS

FROM EQUATIONS (22) AND (23)

[Range, 5150 nautical miles; By = O;

thrust-mass ratio, Fp/mg = 10g at
impact; 6 = 450, Y = ZOO, a = 900.1

Eimpact - Eos Slope, | Required
nautical b rotational
mile rate,
Bs
radian/sec
5 0 10.13
S 1 14.16
S ) 66.9
Maximum Slope, | Required
loss in b rotational
maximum rate,
range, é’
nautical radian/sec
mile
25 ® 7.6
50 © 3.8
100 L 1.9

ANT -%
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Figure 1. - Schematic drawing of

Impact points

general features of trajectories.



200 & o8 O 090 [ X ] L L] [ ] LA X J (X ]
A N L I S
[ ] ® o . _0® L] [ X X J L ] L ] e o o
20 “ee oos w eee o9 e oo
/—Impact ) VV'EJ_
s | Vol
E e e, r
E 2 ~
1 =;el
Terget \—Missile
(a) Errors in coordinate system relative (b) Plane of gzﬁz and ﬁ;ﬁg at
to target fixed on the earth T
) nissile position.
Ey Plus sign in

eq. (11)

Minus sign in
eq. (11)

(c) Path of possible miss distances when thrusf vector is confined to
plane normal to plane of V,Ej, WEs.

Figure 2. - Two-dimensional miss distances and vector semsitivities.

90T-H



E-106

Y Y uo oo oo 21

Figure 3. - Coordinate system used
in examples of planar motion.
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Figure 4. - Relative direction
of vector sensitivity V,E
near burnout for typical case.
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